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BAYESIAN NETWORKS IN THE MACHINE LEARNING WORLD



OUTLINE OF THE TALK

Objectif of the talk: 

How to learn Bayesian networks from observational data?



OUTLINE OF THE TALK

Objectif of the talk: 

How to learn Bayesian networks from observational data?

Bayesian Networks are defined by two elements: 

Network structure: 

Directed Acyclic Graph (DAG): G = (V, A) 

in which each node vi ∈ V corresponds to a random variable Xi 

Probability distribution: 

Probability distribution X with parameters Θ, which can be factorised into smaller 
local probability distributions according to the arcs aij ∈ A present in the graph. 

A BN encodes the factorisation of the joint distribution

P (X) =

nY

j=1

P (Xj | Paj ,⇥j), where Paj is the set of parents of Xj
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OUTLINE OF THE TALK

Objectif of the talk: 

How to learn Bayesian networks from observational data? 

Which approaches do exist? 

Which assumptions/limitations are involved when learning a Bayesian network form 
observational dataset?

Theoretical limitations: 

‣ BN learning is ill-posed on two levels 

‣ Finite sample (any stats problem is ill-posed) 

‣ Complete knowledge of observational distribution usually does not 
determine the underlying causal model 



OUTLINE OF THE TALK

Objectif of the talk: 

How to learn Bayesian networks from observational data? 

Which approaches do exist? 

Which assumptions/limitations are involved when learning a Bayesian network form 
observational dataset?

Technical limitations: 

‣ Approximate learning process 

‣ Proxies 

‣ Combinatorial wall!!!  

‣ Simplification needed



COMBINATORIAL WALL

16 - 25 Nodes Exact inference possible

26 - 50 Nodes Approximate inference

51 - 100 Nodes

< 10100 DAGs

< 10400 DAGs

< 101700 DAGs Approximate inference

101 - 1000 Nodes

1 - 15 Nodes < 1041 DAGs Exact inference
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< 10100000 DAGs (very) approximative inference

GE
NO

MI
CS

PR
OT

EO
MI

CS

# Nodes # DAGs Inference
Typical 
domain of interest

Approximations: 
‣ limiting number of parents per node  
‣ Decomposable scores/efficient algorithm 
‣ Score equivalence



PLAN

1. From observationnal dataset deduce probabilistic model 

- Usually discrete BN or jointly Gaussian 

- Epidemiological constrain: mixture of distributions 

2. From probabilistic model deduce structure

X1   X2   X3  … 

12   23   53    … 

32   31   23    … 

10   16   45    … 

…    …    …     …

Observational dataset Probabilistic model Network structure

P (X1, . . . , Xn) =

P (Xi|Xj , . . . ) . . .
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Independance 
testing

Computing directly

1 2

EXPONENTIAL FAMILY



SOME ELEMENTS OF PROBABILITY THEORY

The conditional probability of A given B is: P (A | B) =
P (A,B)

P (B)
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P (A | B) =
P (B | A)P (A)

P (B)
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Bayes theorem:

Let A, B and C non intersecting subsets of nodes in a DAG G 

A is conditionally independent of B given C if:

P (A,B | C) = P (A | C)P (B | C)
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A ?? P B|C
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ELEMENT OF GRAPH THEORY

Let A, B and C non intersecting subsets of nodes in a DAG G 

A is conditionally independent of B given C if:

P (A,B | C) = P (A | C)P (B | C)
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‣ In a practical perspective, for observational data, if learning algorithms rely on 
probabilistic learning algorithm. Then one can learn up to the Markov 
equivalence class. 

‣ Markov equivalence class are the set of DAGs that have the same skeleton and   
v-structure.

LEARNING BAYESIAN NETWORKS

=DAG complete PDAG



ELEMENT OF GRAPH THEORY: MARKOV BLANKET

The Markov Blanket of a node is the set of parents, co-parents and children.

Parents

Co-Parents

Children

P (Xk | Xn, k 6= n) = P (Xk | XMB(k)), 8k
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The Markov Blanket of a node is the set of nodes that shields the index node from the 
rest of the network 

Local Markov property:

X ? Non-Descendants(X) |Pa(X)
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LEARNING BAYESIAN NETWORKS

Model selection 

Structure learning

Parameter estimation 

Parameter learning

P (M|D) = P (⇥M,S|D)| {z }
model learning

= P (⇥M|S,D)| {z }
parameter learning

· P (S|D)| {z }
structure learning
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M = (S,⇥M)
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LEARNING BAYESIAN NETWORKS

Constraint based algorithms Search-and-score algorithms

X ?? S Y |Z
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PX??Y |Z < ↵
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G⇤
= argmax

G
f(D, G, n, . . . )
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Example of scoring functions: 

‣ Bayesian or ML scores 

‣ Bayesian Posterior 

‣ Bayesian-Dirichlet (BDeu,BDs,BDe) 

‣ Bayesian Information Criterion (BIC) 

= X ? Y |Z
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Maximum a posteriori score



LEARNING BAYESIAN NETWORKS

Score-and-search algorithms 
‣ Heuristic approaches / Greedy search 

‣ Hill-climbing (with possibly random restarts/stochastics … )  
‣ Tabu search (Glover, 1986) 
‣ Simulated annealing (Kirkpatrick et al, 1983) 
‣ Plus an entire zoo of methods …  

‣ Exact search 
‣ Exact node ordering (Koivisto et al. , 2004) 
‣ Learning with cutting planes (Cussens, 2012)

Constrain

Objective

Scores 
‣ Decomposability! 
‣ Discrete BNs:  
‣ Bayesian-Dirichlet: BDeu (Heckerman et al. ,1995) 

‣ Score equivalence for additive regression framework: 
‣ Bayesian based scores: not always score equivalent due to the prior! 
‣ Information theoretic scores: BIC asymptotically score equivalent



ABN                            STRUCTURE LEARNING

Search and score algorithm

…

…

score 1

score 2

score 3

score 4

Structures glm AIC/BIC

Exact or heuristic search

Bayesian network with 
highest posterior 
probability

…

…



ABN                            STRUCTURE/PARAMETER LEARNING

Search and score algorithm

Parameter estimation 

‣ compute marginal posterior density 

‣ regression estimate

Exact or heuristic search

Bayesian network with 
highest posterior 
probability

…

……
… … …

……

…

…

…

score 1

score 2

score 3

score 4

Structures glm AIC/BIC
…

…



ABN                            STRUCTURE/PARAMETER LEARNING

Search and score algorithm

Exact or heuristic search

Bayesian network with 
highest posterior 
probability

…

……
… … …

……

… Using R 

buildscorecache() 

mostprobable() 

fitabn()

Ban/Retain 
structures

Causality!

Random effect

Adjustment

Parameter estimation 

‣ compute marginal posterior density 

‣ regression estimate

…

…

score 1

score 2

score 3

score 4

Structures glm AIC/BIC
…

…



CAUSAL THINKING VERSUS ACAUSAL THINKING

‣ Strong assumptions … but common in statistics, no? 
‣ “It seems that if conditional independence judgements are byproducts of 

stored causal relationships, then tapping and representing those relationships 
directly would be a more natural and more reliable way of expressing what we 
know or believe about the world. This is indeed the philosophy behind causal 
Bayesian networks.” (Pearl, 2009) 

‣ The do-calculus 
‣ Interventions 
‣ In epidemiology: Randomised Controlled Trial 

‣ So … BN is a nice framework to treat causal and acausal thinking



R CODE: SOFTWARE IMPLEMENTATION

Popular R packages (available on CRAN) 
bnlearn 

‣ Learning via constraint-based and score-based algorithms (many!) 
pcalg 

‣ Robust estimation of CPDAG via the PC-Algorithm 
deal 

‣ Learning BNs with mixed (discrete and continuous) variables 
catnet 

‣ Discrete BNs using likelihood-based criteria 
abn 

‣ Learning BNs with mixed (discrete, continuous, Poisson) variables 
‣ Score based methods: Bayesian and frequentist estimation 
‣ Exact and heuristic search 
‣ Link strength

Disclaimer: I am author and maintainer of the abn R package. I will use it for the example part.



VARRANK

System epidemiology 

‣ Typically the set of possible variables is formidable 
‣ The classical approach for variable selection is based on prior scientific knowledge (29%)1 
‣ Change of estimate (18%)1 
‣ Stepwise model selection (16%)1 

No prior model? 
Not one outcome experiment? 

              varrank                                         Variable ranking for better time allocation 

‣ Variable ranking based on a set of variable of importance 

‣ Model free. Based on information theory metrics 

‣ Mixture of variables (continuous and discrete). Discretisation through rule/clustering

1 Walter et al (2009) https://CRAN.R-project.org/package=varrank



VARRANK                      MAXIMUM RELEVANCE MINIMUM REDUNDANCY

� = 1/|S|

Estévez and al. (2009)

MI(X;Y ) =

NX

n=1

MX

m=1

P (xn; ym) log

P (xn; ym)

P (xn)P (ym)

H(X) =

NX

n=1

P (xn) logP (xn)

Average amount 
of information of 
one RV

Mutual dependence 
between two RV

↵(fi, fs,C) =
1

min(H(fi),H(fs))
and

fi candidate feature to be ranked

C set of variables of importance

S set of already selected variables

Difference (mid) or 
quotient (miq)

Discretization

B
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kw
ar

d 
- a

rg
m

ax

{

Fo
rw

ar
d 

- a
rg

m
ax

Relevance Redundancy

{
Greedy search

{Normalization

scorei = MI(fi;C)� �
X

S

↵(fi, fs,C)MI(fi; fs)
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R CODE: EXAMPLE ASIA = SYNTHETIC DATASET

Proposed by Lauritzen et al.,1988 and provided by Scutari, 2009 
“Shortness-of-breath (dyspnoea) may be due to tuberculosis, lung cancer or bronchitis, 
or none of them, or more than one of them. A recent visit to Asia increases the chances 
of tuberculosis, while smoking is known to be a risk factor for both lung cancer and 
bronchitis. The results of a single chest X-ray do not discriminate between lung cancer 
and tuberculosis, as neither does the presence or absence of dyspnoea.” 

https://CRAN.R-project.org/package=abn



R CODE: EXAMPLE ASIA

Proposed by Lauritzen et al.,1988 and provided by Scutari, 2009 
“Shortness-of-breath (dyspnoea) may be due to tuberculosis, lung cancer or bronchitis, 
or none of them, or more than one of them. A recent visit to Asia increases the chances 
of tuberculosis, while smoking is known to be a risk factor for both lung cancer and 
bronchitis. The results of a single chest X-ray do not discriminate between lung cancer 
and tuberculosis, as neither does the presence or absence of dyspnoea.” 

Asia Smoking

Tuberculosis LungCancer

Bronchitis

Either

XRay Dyspnea

   

  

 

  

8 variables 
5000 observations 
8 arcs 
Average MB: 2.5 
Average NH: 2 
Average parents: 1 
Average children: 1



ASIA: SCORE BASED ALGORITHM

Asia

Smoking

Tuberculosis LungCancer

Bronchitis

Either

XRay

Dyspnea

 

   

 

 

 



ASIA: SCORE BASED ALGORITHM

Asia

Smoking

Tuberculosis LungCancer

Bronchitis

Either

XRay

Dyspnea

 

   

 

 

 

Learned
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ASIA: HOW MANY PARENT ARE NEEDED?
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ASIA: EXTERNAL KNOWLEDGE
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ASIA: CONSTRAINT-BASED LEARNING
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Thank you for your attention
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Backup slides



A path from A to B is blocked if it contains a node s.t. either  

‣ the arrows on the path meet either head-to-tail or tail-to-tail at the node, and the 
node is in the set C, or 

‣ the arrows meet head-to-head at the node, and neither the node, nor any of its 
descendants, are C.  

If all paths from A to B are blocked, A is said to be d-separated from B by C.  

   Theorem (Verma & Pearl, 1988): A is d-separated from B by C if, and only if, the       
joint distribution over all variables in the graph satisfies: 

Link between statistical statement (conditionally independent) and a graph 
propriety (d-separation)

LEARNING BAYESIAN NETWORKS

A ?? G B|C
<latexit sha1_base64="BO9qeCeaFDNan9EdLoac5n4lPXM="></latexit><latexit sha1_base64="BO9qeCeaFDNan9EdLoac5n4lPXM="></latexit><latexit sha1_base64="BO9qeCeaFDNan9EdLoac5n4lPXM="></latexit><latexit sha1_base64="BO9qeCeaFDNan9EdLoac5n4lPXM="></latexit>



ASIA: HOW MANY PARENT ARE NEEDED?



Neurotic score (24)

VARRANK                    EYSENCK PERSONALITY INVENTORY 

EPI: 3570 observations and 57 variables Structure of EPI: 

✓  Lie scale (9 responses)

Extovert score (24)



VARRANK                                                  DIABETE

Pima Indians Diabetes Database 

768 observations on 9 variables



ELEMENT OF GRAPH THEORY

P (A,B | C) = P (A | C)P (B | C)
<latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit>

P (A,B,C) = P (A | C)P (C | B)P (B)
<latexit sha1_base64="PFXm4TocWZe8UO/dALMM5nIOPPA=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCC6UkIuhGqMnGZQR7gTaUyWTSDp1cmJkIJfQF3Pgqblwo4ta9O9/GaZqFtv4w8PGfczhzfi9hVEjD+NZWVtfWNzZLW+Xtnd29ff3gsC3ilGPSwjGLeddDgjAakZakkpFuwgkKPUY63tie1TsPhAsaR/dykhA3RMOIBhQjqayBfupUb+pW3a7Ba6iwH1If2jWnasMcLYVWbaBXjIaRCy6DWUAFFHIG+lffj3EakkhihoTomUYi3QxxSTEj03I/FSRBeIyGpKcwQiERbpZfM4VnyvFhEHP1Iglz9/dEhkIhJqGnOkMkR2KxNjP/q/VSGVy5GY2SVJIIzxcFKYMyhrNooE85wZJNFCDMqforxCPEEZYqwLIKwVw8eRna5w3TaJh3F5WmVcRRAsfgBFSBCS5BE9wCB7QABo/gGbyCN+1Je9HetY9564pWzByBP9I+fwDpQZcJ</latexit><latexit sha1_base64="PFXm4TocWZe8UO/dALMM5nIOPPA=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCC6UkIuhGqMnGZQR7gTaUyWTSDp1cmJkIJfQF3Pgqblwo4ta9O9/GaZqFtv4w8PGfczhzfi9hVEjD+NZWVtfWNzZLW+Xtnd29ff3gsC3ilGPSwjGLeddDgjAakZakkpFuwgkKPUY63tie1TsPhAsaR/dykhA3RMOIBhQjqayBfupUb+pW3a7Ba6iwH1If2jWnasMcLYVWbaBXjIaRCy6DWUAFFHIG+lffj3EakkhihoTomUYi3QxxSTEj03I/FSRBeIyGpKcwQiERbpZfM4VnyvFhEHP1Iglz9/dEhkIhJqGnOkMkR2KxNjP/q/VSGVy5GY2SVJIIzxcFKYMyhrNooE85wZJNFCDMqforxCPEEZYqwLIKwVw8eRna5w3TaJh3F5WmVcRRAsfgBFSBCS5BE9wCB7QABo/gGbyCN+1Je9HetY9564pWzByBP9I+fwDpQZcJ</latexit><latexit sha1_base64="PFXm4TocWZe8UO/dALMM5nIOPPA=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCC6UkIuhGqMnGZQR7gTaUyWTSDp1cmJkIJfQF3Pgqblwo4ta9O9/GaZqFtv4w8PGfczhzfi9hVEjD+NZWVtfWNzZLW+Xtnd29ff3gsC3ilGPSwjGLeddDgjAakZakkpFuwgkKPUY63tie1TsPhAsaR/dykhA3RMOIBhQjqayBfupUb+pW3a7Ba6iwH1If2jWnasMcLYVWbaBXjIaRCy6DWUAFFHIG+lffj3EakkhihoTomUYi3QxxSTEj03I/FSRBeIyGpKcwQiERbpZfM4VnyvFhEHP1Iglz9/dEhkIhJqGnOkMkR2KxNjP/q/VSGVy5GY2SVJIIzxcFKYMyhrNooE85wZJNFCDMqforxCPEEZYqwLIKwVw8eRna5w3TaJh3F5WmVcRRAsfgBFSBCS5BE9wCB7QABo/gGbyCN+1Je9HetY9564pWzByBP9I+fwDpQZcJ</latexit><latexit sha1_base64="PFXm4TocWZe8UO/dALMM5nIOPPA=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCC6UkIuhGqMnGZQR7gTaUyWTSDp1cmJkIJfQF3Pgqblwo4ta9O9/GaZqFtv4w8PGfczhzfi9hVEjD+NZWVtfWNzZLW+Xtnd29ff3gsC3ilGPSwjGLeddDgjAakZakkpFuwgkKPUY63tie1TsPhAsaR/dykhA3RMOIBhQjqayBfupUb+pW3a7Ba6iwH1If2jWnasMcLYVWbaBXjIaRCy6DWUAFFHIG+lffj3EakkhihoTomUYi3QxxSTEj03I/FSRBeIyGpKcwQiERbpZfM4VnyvFhEHP1Iglz9/dEhkIhJqGnOkMkR2KxNjP/q/VSGVy5GY2SVJIIzxcFKYMyhrNooE85wZJNFCDMqforxCPEEZYqwLIKwVw8eRna5w3TaJh3F5WmVcRRAsfgBFSBCS5BE9wCB7QABo/gGbyCN+1Je9HetY9564pWzByBP9I+fwDpQZcJ</latexit>

P (A,B | C) =
P (A | C)P (C | B)P (B)

P (C)

=
P (A | C)P (B,C)

P (C)

= P (A | C)P (B | C)
<latexit sha1_base64="uDtaqqiYHRsfLa3l/jEfAolFBT0="></latexit><latexit sha1_base64="uDtaqqiYHRsfLa3l/jEfAolFBT0="></latexit><latexit sha1_base64="uDtaqqiYHRsfLa3l/jEfAolFBT0="></latexit><latexit sha1_base64="uDtaqqiYHRsfLa3l/jEfAolFBT0="></latexit>

Let A, B and C non intersecting subsets of nodes in a DAG G 

A is conditionally independent of B given C if: A ?? P B|C
<latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit>



ELEMENT OF GRAPH THEORY

P (A,B | C) = P (A | C)P (B | C)
<latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit>

P (A,B,C) = P (A)P (C | A)P (B | C)
<latexit sha1_base64="Vpex9wy1eWJgMAQv+uMQw6aT0kM=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRGiglEUE3QttsXEawF2hDmUwm7dDJhZmJUELfwI2v4saFIm7duvNtnLZZaOuBGT7+/xxmzu8ljAppmt9aYW19Y3OruF3a2d3bP9APj9oiTjkmLRyzmHc9JAijEWlJKhnpJpyg0GOk443tmd95IFzQOLqXk4S4IRpGNKAYSSUN9HOn0qg2q7YBb6BCQ1027IfUhw3DqTQXaBsDvWzWzHnBVbByKIO8nIH+1fdjnIYkkpghIXqWmUg3Q1xSzMi01E8FSRAeoyHpKYxQSISbzfeZwjOl+DCIuTqRhHP190SGQiEmoac6QyRHYtmbif95vVQG125GoySVJMKLh4KUQRnDWTjQp5xgySYKEOZU/RXiEeIISxVhSYVgLa+8Cu2LmmXWrLvLcr2Zx1EEJ+AUVIAFrkAd3AIHtAAGj+AZvII37Ul70d61j0VrQctnjsGf0j5/AJqJl1w=</latexit><latexit sha1_base64="Vpex9wy1eWJgMAQv+uMQw6aT0kM=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRGiglEUE3QttsXEawF2hDmUwm7dDJhZmJUELfwI2v4saFIm7duvNtnLZZaOuBGT7+/xxmzu8ljAppmt9aYW19Y3OruF3a2d3bP9APj9oiTjkmLRyzmHc9JAijEWlJKhnpJpyg0GOk443tmd95IFzQOLqXk4S4IRpGNKAYSSUN9HOn0qg2q7YBb6BCQ1027IfUhw3DqTQXaBsDvWzWzHnBVbByKIO8nIH+1fdjnIYkkpghIXqWmUg3Q1xSzMi01E8FSRAeoyHpKYxQSISbzfeZwjOl+DCIuTqRhHP190SGQiEmoac6QyRHYtmbif95vVQG125GoySVJMKLh4KUQRnDWTjQp5xgySYKEOZU/RXiEeIISxVhSYVgLa+8Cu2LmmXWrLvLcr2Zx1EEJ+AUVIAFrkAd3AIHtAAGj+AZvII37Ul70d61j0VrQctnjsGf0j5/AJqJl1w=</latexit><latexit sha1_base64="Vpex9wy1eWJgMAQv+uMQw6aT0kM=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRGiglEUE3QttsXEawF2hDmUwm7dDJhZmJUELfwI2v4saFIm7duvNtnLZZaOuBGT7+/xxmzu8ljAppmt9aYW19Y3OruF3a2d3bP9APj9oiTjkmLRyzmHc9JAijEWlJKhnpJpyg0GOk443tmd95IFzQOLqXk4S4IRpGNKAYSSUN9HOn0qg2q7YBb6BCQ1027IfUhw3DqTQXaBsDvWzWzHnBVbByKIO8nIH+1fdjnIYkkpghIXqWmUg3Q1xSzMi01E8FSRAeoyHpKYxQSISbzfeZwjOl+DCIuTqRhHP190SGQiEmoac6QyRHYtmbif95vVQG125GoySVJMKLh4KUQRnDWTjQp5xgySYKEOZU/RXiEeIISxVhSYVgLa+8Cu2LmmXWrLvLcr2Zx1EEJ+AUVIAFrkAd3AIHtAAGj+AZvII37Ul70d61j0VrQctnjsGf0j5/AJqJl1w=</latexit><latexit sha1_base64="Vpex9wy1eWJgMAQv+uMQw6aT0kM=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRGiglEUE3QttsXEawF2hDmUwm7dDJhZmJUELfwI2v4saFIm7duvNtnLZZaOuBGT7+/xxmzu8ljAppmt9aYW19Y3OruF3a2d3bP9APj9oiTjkmLRyzmHc9JAijEWlJKhnpJpyg0GOk443tmd95IFzQOLqXk4S4IRpGNKAYSSUN9HOn0qg2q7YBb6BCQ1027IfUhw3DqTQXaBsDvWzWzHnBVbByKIO8nIH+1fdjnIYkkpghIXqWmUg3Q1xSzMi01E8FSRAeoyHpKYxQSISbzfeZwjOl+DCIuTqRhHP190SGQiEmoac6QyRHYtmbif95vVQG125GoySVJMKLh4KUQRnDWTjQp5xgySYKEOZU/RXiEeIISxVhSYVgLa+8Cu2LmmXWrLvLcr2Zx1EEJ+AUVIAFrkAd3AIHtAAGj+AZvII37Ul70d61j0VrQctnjsGf0j5/AJqJl1w=</latexit>

P (A,B | C) =
P (A)P (C | A)P (B | C)

P (C)

=
P (A,C)P (B | C)

P (C)

= P (A | C)P (B | C)
<latexit sha1_base64="pFdWsI2oOIuiky8TSCluVVPLLUY="></latexit><latexit sha1_base64="pFdWsI2oOIuiky8TSCluVVPLLUY="></latexit><latexit sha1_base64="pFdWsI2oOIuiky8TSCluVVPLLUY="></latexit><latexit sha1_base64="pFdWsI2oOIuiky8TSCluVVPLLUY="></latexit>

Let A, B and C non intersecting subsets of nodes in a DAG G 

A is conditionally independent of B given C if: A ?? P B|C
<latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit>



ELEMENT OF GRAPH THEORY

P (A,B | C) = P (A | C)P (B | C)
<latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit>

P (A,B,C) = P (C)P (A | C)P (B | C)
<latexit sha1_base64="V+8SzQ7y52kgJxybwdzX31qpVaY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZQikzIuhGqO3G5Qj2Ae1QMpm0DU1mhiQjlKF/4MZfceNCEbdu3fk3pu0I2nog5OSce7m5x48Zlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGWUCEwaOGKRaPtIEkZD0lBUMdKOBUHcZ6Tlj+pTv3VPhKRReKfGMfE4GoS0TzFSWuqZp651Xa6V6yV4BV1LX/oNu5wGsF5yrdoP7ZlFu2LPAJeJk5EiyOD2zM9uEOGEk1BhhqTsOHasvBQJRTEjk0I3kSRGeIQGpKNpiDiRXjrbZwJPtBLAfiT0CRWcqb87UsSlHHNfV3KkhnLRm4r/eZ1E9S+9lIZxokiI54P6CYMqgtNwYEAFwYqNNUFYUP1XiIdIIKx0hAUdgrO48jJpnlUcu+LcnhertSyOPDgCx8ACDrgAVXADXNAAGDyAJ/ACXo1H49l4M97npTkj6zkEf2B8fAOds5de</latexit><latexit sha1_base64="V+8SzQ7y52kgJxybwdzX31qpVaY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZQikzIuhGqO3G5Qj2Ae1QMpm0DU1mhiQjlKF/4MZfceNCEbdu3fk3pu0I2nog5OSce7m5x48Zlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGWUCEwaOGKRaPtIEkZD0lBUMdKOBUHcZ6Tlj+pTv3VPhKRReKfGMfE4GoS0TzFSWuqZp651Xa6V6yV4BV1LX/oNu5wGsF5yrdoP7ZlFu2LPAJeJk5EiyOD2zM9uEOGEk1BhhqTsOHasvBQJRTEjk0I3kSRGeIQGpKNpiDiRXjrbZwJPtBLAfiT0CRWcqb87UsSlHHNfV3KkhnLRm4r/eZ1E9S+9lIZxokiI54P6CYMqgtNwYEAFwYqNNUFYUP1XiIdIIKx0hAUdgrO48jJpnlUcu+LcnhertSyOPDgCx8ACDrgAVXADXNAAGDyAJ/ACXo1H49l4M97npTkj6zkEf2B8fAOds5de</latexit><latexit sha1_base64="V+8SzQ7y52kgJxybwdzX31qpVaY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZQikzIuhGqO3G5Qj2Ae1QMpm0DU1mhiQjlKF/4MZfceNCEbdu3fk3pu0I2nog5OSce7m5x48Zlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGWUCEwaOGKRaPtIEkZD0lBUMdKOBUHcZ6Tlj+pTv3VPhKRReKfGMfE4GoS0TzFSWuqZp651Xa6V6yV4BV1LX/oNu5wGsF5yrdoP7ZlFu2LPAJeJk5EiyOD2zM9uEOGEk1BhhqTsOHasvBQJRTEjk0I3kSRGeIQGpKNpiDiRXjrbZwJPtBLAfiT0CRWcqb87UsSlHHNfV3KkhnLRm4r/eZ1E9S+9lIZxokiI54P6CYMqgtNwYEAFwYqNNUFYUP1XiIdIIKx0hAUdgrO48jJpnlUcu+LcnhertSyOPDgCx8ACDrgAVXADXNAAGDyAJ/ACXo1H49l4M97npTkj6zkEf2B8fAOds5de</latexit><latexit sha1_base64="V+8SzQ7y52kgJxybwdzX31qpVaY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZQikzIuhGqO3G5Qj2Ae1QMpm0DU1mhiQjlKF/4MZfceNCEbdu3fk3pu0I2nog5OSce7m5x48Zlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGWUCEwaOGKRaPtIEkZD0lBUMdKOBUHcZ6Tlj+pTv3VPhKRReKfGMfE4GoS0TzFSWuqZp651Xa6V6yV4BV1LX/oNu5wGsF5yrdoP7ZlFu2LPAJeJk5EiyOD2zM9uEOGEk1BhhqTsOHasvBQJRTEjk0I3kSRGeIQGpKNpiDiRXjrbZwJPtBLAfiT0CRWcqb87UsSlHHNfV3KkhnLRm4r/eZ1E9S+9lIZxokiI54P6CYMqgtNwYEAFwYqNNUFYUP1XiIdIIKx0hAUdgrO48jJpnlUcu+LcnhertSyOPDgCx8ACDrgAVXADXNAAGDyAJ/ACXo1H49l4M97npTkj6zkEf2B8fAOds5de</latexit>

P (A,B | C) =
P (C)P (A | C)P (B | C)

P (C)

= P (A | C)P (B | C)
<latexit sha1_base64="lkWGwUEVv+CsFMrBxBZpDyBfUN8="></latexit><latexit sha1_base64="lkWGwUEVv+CsFMrBxBZpDyBfUN8="></latexit><latexit sha1_base64="lkWGwUEVv+CsFMrBxBZpDyBfUN8="></latexit><latexit sha1_base64="lkWGwUEVv+CsFMrBxBZpDyBfUN8="></latexit>

Let A, B and C non intersecting subsets of nodes in a DAG G 

A is conditionally independent of B given C if: A ?? P B|C
<latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit>



ELEMENT OF GRAPH THEORY

P (A,B | C) = P (A | C)P (B | C)
<latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit><latexit sha1_base64="e3Ep9Iltpfb3ONs260/wvZrn+Gc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMCLoRartxOYJ9QDuUTCZtQ5PMkGSEMvQL3Pgrblwo4ta1O//GtB1BWw8Ezj3nXm7uCWJGlXacLyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSCUX3qt+6JVDQSd3ocE5+jgaB9ipE2Us8ueeXr01qX0xDWT+AVNCXMKq9c+6E9u+hUnBngMnEzUgQZvJ792Q0jnHAiNGZIqY7rxNpPkdQUMzIpdBNFYoRHaEA6hgrEifLT2TkTWDJKCPuRNE9oOFN/T6SIKzXmgenkSA/VojcV//M6ie5f+ikVcaKJwPNF/YRBHcFpNjCkkmDNxoYgLKn5K8RDJBHWJsGCCcFdPHmZNM8qrlNxb8+L1VoWRx4cgWNQBi64AFVwAzzQABg8gCfwAl6tR+vZerPe5605K5s5BH9gfXwDUbuX2g==</latexit>

A 6?? P B|C
<latexit sha1_base64="AEBfcwpRANqsz8hDXGgl60DwwZo="></latexit><latexit sha1_base64="AEBfcwpRANqsz8hDXGgl60DwwZo="></latexit><latexit sha1_base64="AEBfcwpRANqsz8hDXGgl60DwwZo="></latexit><latexit sha1_base64="AEBfcwpRANqsz8hDXGgl60DwwZo="></latexit>

P (A,B,C) = P (A)P (B)P (C | A,B)
<latexit sha1_base64="7gc4wiFtjVrC5TvpsFYEB/+OK/w=">AAACC3icbVDLSgMxFM3UV62vUZduQovQQikzIuhGqO3GZQVbC+1QMpm0DU0yQ5IRytC9G3/FjQtF3PoD7vwbM+0stPVALodz7uXmHj9iVGnH+bZya+sbm1v57cLO7t7+gX141FFhLDFp45CFsusjRRgVpK2pZqQbSYK4z8i9P2mm/v0DkYqG4k5PI+JxNBJ0SDHSRhrYxVb5utqoNivwChpaMaWRlibscxpA41UGdsmpOXPAVeJmpAQytAb2Vz8IccyJ0JghpXquE2kvQVJTzMis0I8ViRCeoBHpGSoQJ8pL5rfM4KlRAjgMpXlCw7n6eyJBXKkp900nR3qslr1U/M/rxXp46SVURLEmAi8WDWMGdQjTYGBAJcGaTQ1BWFLzV4jHSCKsTXwFE4K7fPIq6ZzVXKfm3p6X6o0sjjw4AUVQBi64AHVwA1qgDTB4BM/gFbxZT9aL9W59LFpzVjZzDP7A+vwBh4WVqQ==</latexit><latexit sha1_base64="7gc4wiFtjVrC5TvpsFYEB/+OK/w=">AAACC3icbVDLSgMxFM3UV62vUZduQovQQikzIuhGqO3GZQVbC+1QMpm0DU0yQ5IRytC9G3/FjQtF3PoD7vwbM+0stPVALodz7uXmHj9iVGnH+bZya+sbm1v57cLO7t7+gX141FFhLDFp45CFsusjRRgVpK2pZqQbSYK4z8i9P2mm/v0DkYqG4k5PI+JxNBJ0SDHSRhrYxVb5utqoNivwChpaMaWRlibscxpA41UGdsmpOXPAVeJmpAQytAb2Vz8IccyJ0JghpXquE2kvQVJTzMis0I8ViRCeoBHpGSoQJ8pL5rfM4KlRAjgMpXlCw7n6eyJBXKkp900nR3qslr1U/M/rxXp46SVURLEmAi8WDWMGdQjTYGBAJcGaTQ1BWFLzV4jHSCKsTXwFE4K7fPIq6ZzVXKfm3p6X6o0sjjw4AUVQBi64AHVwA1qgDTB4BM/gFbxZT9aL9W59LFpzVjZzDP7A+vwBh4WVqQ==</latexit><latexit sha1_base64="7gc4wiFtjVrC5TvpsFYEB/+OK/w=">AAACC3icbVDLSgMxFM3UV62vUZduQovQQikzIuhGqO3GZQVbC+1QMpm0DU0yQ5IRytC9G3/FjQtF3PoD7vwbM+0stPVALodz7uXmHj9iVGnH+bZya+sbm1v57cLO7t7+gX141FFhLDFp45CFsusjRRgVpK2pZqQbSYK4z8i9P2mm/v0DkYqG4k5PI+JxNBJ0SDHSRhrYxVb5utqoNivwChpaMaWRlibscxpA41UGdsmpOXPAVeJmpAQytAb2Vz8IccyJ0JghpXquE2kvQVJTzMis0I8ViRCeoBHpGSoQJ8pL5rfM4KlRAjgMpXlCw7n6eyJBXKkp900nR3qslr1U/M/rxXp46SVURLEmAi8WDWMGdQjTYGBAJcGaTQ1BWFLzV4jHSCKsTXwFE4K7fPIq6ZzVXKfm3p6X6o0sjjw4AUVQBi64AHVwA1qgDTB4BM/gFbxZT9aL9W59LFpzVjZzDP7A+vwBh4WVqQ==</latexit><latexit sha1_base64="7gc4wiFtjVrC5TvpsFYEB/+OK/w=">AAACC3icbVDLSgMxFM3UV62vUZduQovQQikzIuhGqO3GZQVbC+1QMpm0DU0yQ5IRytC9G3/FjQtF3PoD7vwbM+0stPVALodz7uXmHj9iVGnH+bZya+sbm1v57cLO7t7+gX141FFhLDFp45CFsusjRRgVpK2pZqQbSYK4z8i9P2mm/v0DkYqG4k5PI+JxNBJ0SDHSRhrYxVb5utqoNivwChpaMaWRlibscxpA41UGdsmpOXPAVeJmpAQytAb2Vz8IccyJ0JghpXquE2kvQVJTzMis0I8ViRCeoBHpGSoQJ8pL5rfM4KlRAjgMpXlCw7n6eyJBXKkp900nR3qslr1U/M/rxXp46SVURLEmAi8WDWMGdQjTYGBAJcGaTQ1BWFLzV4jHSCKsTXwFE4K7fPIq6ZzVXKfm3p6X6o0sjjw4AUVQBi64AHVwA1qgDTB4BM/gFbxZT9aL9W59LFpzVjZzDP7A+vwBh4WVqQ==</latexit>

P (A,B | C) =
P (A)P (B)P (C | A,B)

P (C)

=
P (A)P (B)P (A,B,C)

P (A)P (B)P (C)

= P (A,B | C)
<latexit sha1_base64="ZioWVQnztZBxiEo4j3ePhVThE74="></latexit><latexit sha1_base64="ZioWVQnztZBxiEo4j3ePhVThE74="></latexit><latexit sha1_base64="ZioWVQnztZBxiEo4j3ePhVThE74="></latexit><latexit sha1_base64="ZioWVQnztZBxiEo4j3ePhVThE74="></latexit>

Let A, B and C non intersecting subsets of nodes in a DAG G 

A is conditionally independent of B given C if: A ?? P B|C
<latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit><latexit sha1_base64="ghcwqMSgCCC/YYPSWBmg6tlJ07s="></latexit>



LEARNING BAYESIAN NETWORKS

Constraint-based algorithms 
‣ Inductive Causation (IC): (Verma and Pearl, 1991)  
‣ Provides a framework for learning the structure of Bayesian networks using 

conditional independence tests in three steps 
‣ A major problem of the IC algorithm is that the first two steps cannot be 

applied to any real-world problem due to computational complexity … 
‣ PC: first practical application of the IC algorithm (Spirtes et al., 2001) 
‣  backward selection procedure from the saturated graph  

‣ Grow-Shrink (GS) (Margaritis, 2003) 
‣ Simple forward selection MB detection approach 

‣ Incremental Association (IAMB): (Tsamardinos et al., 2003) 
‣ two-phase selection scheme based on a forward selection followed by a 

backward selection of the MB



LEARNING BAYESIAN NETWORKS

‣ Constraint-based methods require a Markov and faithfulness assumption 
‣ Conditional independencies in the distribution exactly equal the ones encoded 

in the DAG via d-separation  

‣ Causal sufficiency: no unmeasured common causes 

In a pratical perspective: 
‣ Testing mixture of data? 
‣ Testing assumptions?

A ?? G B|C
Markov

�
Faithful

A ?? P B|C
<latexit sha1_base64="8M5+rCgMrGaRrmrSDq1etROyq28="></latexit><latexit sha1_base64="2v/Ksptjie6uFhHMIR0y48PaMLI="></latexit><latexit sha1_base64="2v/Ksptjie6uFhHMIR0y48PaMLI="></latexit><latexit sha1_base64="Sv29E/UmRdJtDBOAQ8//X/JIeec="></latexit>



ASIA: KNOWN NETWORK



ASIA: KNOWN NETWORK


